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Abstract. We consider the backbone of the infinite cluster generated by super-
critical oriented site percolation in dimension 1 ` 1. A directed random walk on
this backbone can be seen as an “ancestral lineage” of an individual sampled in the
stationary discrete-time contact process. Such ancestral lineages were investigated
in Birkner et al. [2013] where a central limit theorem for a single walker was proved.
Here, we consider infinitely many coalescing walkers on the same backbone starting
at each space-time point. We show that, after diffusive rescaling, the collection
of paths converges in distribution (under the averaged law) to the Brownian web.
Hence, we prove convergence to the Brownian web for a particular system of co-
alescing random walks in a dynamical random environment. An important tool
in the proof is a tail bound on the meeting time of two walkers on the backbone,
started at the same time. Our result can be interpreted as an averaging statement
about the percolation cluster: apart from a change of variance, it behaves as the
full lattice, i.e. the effect of the “holes” in the cluster vanishes on a large scale.
1. Introduction
Informally, the Brownian web is a system of one-dimensional coalescing Brownian
motions starting from every point in space and time. It was first introduced in
Arratia [1979], studied rigorously in To´th and Werner [1998], Fontes et al. [2004]
and has since then been shown to be a scaling limit of many 1+1-dimensional
coalescing structures. See also Schertzer et al. [2017] for an overview, historical
discussion and references. Possibly the most natural example that comes to mind
in this respect is the system of coalescing random walks on Z which is dual to the
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one-dimensional voter model (see, e.g., Liggett [1999]). This was shown to converge
to the Brownian web (in Fontes et al. [2004] for the nearest neighbor case and in
Newman et al. [2005] in the general case). One often interprets the voter model
as a population model in which there is always exactly one individual at each site
x P Z, which can be of one of two possible types, say. The dual system of random
walks is then naturally interpreted as ancestral lines of the individuals. Note that
while the total population is infinite, the local population size at a site in the voter
model is fixed (at one).
There is interest in spatial population models with randomly fluctuating local
population sizes, see, e.g., Etheridge [2004], Fournier and Me´le´ard [2004], Etheridge
[2006], Birkner et al. [2016] and the discussion and references there. In this case,
ancestral lines are random walks in a dynamic random environment which is given
by the time reversal of the population model. Birkner et al. [2013] considered the
specific but prototypic example of the stationary supercritical discrete time contact
process. Its time-reversal is the backbone of the supercritical oriented percolation
cluster and in Birkner et al. [2013], a central limit theorem was proved for such a
walk, i.e., for a single ancestral lineage. It is then a natural problem to study the
joint behavior of several or in fact of all ancestral lineages, hence a system of coa-
lescing random walks in a dynamic random environment. We address this problem
here in the case d “ 1. Our main result, Theorem 1.1 below, shows then that on
large scales, the effect of the local population fluctuations manifests itself only as a
scaling factor compared to the case of fixed local sizes. This in a sense rigorously
confirms the approach that is often taken in modelling spatially distributed biologi-
cal populations where one exogenously fixes the local population size by considering
so-called stepping stone models, see, e.g., Kimura [1953], Wilkinson-Herbots [1998].
See also Section 3 below for more details on the relation to the discrete time contact
process and also Birkner et al. [2016] for discussion and a broader class of examples.
1.1. Set-up. Let ω :“ tωpx, nq : px, nq P Z ˆ Zu be i.i.d. Bernoullippq random
variables. A space-time site px, nq P Z ˆ Z is said to be open if ωpx, nq “ 1 and
closed if ωpx, nq “ 0. A directed open path from px,mq to py, nq for m ď n is a
sequence xm, . . . , xn such that xm “ x, xn “ y, |xk´xk´1| ď 1 for k “ m`1, . . . , n
and ωpxk, kq “ 1 for all k “ m, . . . , n. We write px,mq ωÑpy, nq if such an open path
exists and px,mq ωÑ8 if there exists at least one infinite directed open path starting
at px,mq.
There is pc “ pcp1q P p0, 1q such that P
`p0, 0q ωÑ8˘ ą 0 if and only if p ą pc
(see e.g. Theorem 1 in Grimmett and Hiemer [2002]). We assume from now on that
p ą pc. Let
C :“  px, nq P Zˆ Z : px, nq ωÑ8(
“  px, nq P Zˆ Z : @ k ą n D y P Z such that px, nq ωÑpy, kq( (1.1)
be the backbone of the space-time cluster of oriented percolation (note that C is a
function of ω and |C| “ 8 a.s. for p ą pc).
We consider walks Xpx0,t0q “ `Xpx0,t0qt ˘tPZ,tět0 starting at any space-time point
px0, t0q P Zˆ Z and moving as directed simple random walk on C. More precisely,
let
Upxq :“ ty P Z : |x´ y| ď 1u (1.2)
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be the ℓ8-neighbourhood of site x P Z and let rω “ `rωpx, nq : x P Zd, n P Z˘, whererωpx, nq “ `rωpx, nqr1s, rωpx, nqr2s, rωpx, nqr3s˘ is a uniformly chosen permutation of
Upxq, independently distributed for different px, nq’s and independent of the ω’s.
Define
Φpx, nq :“
#rωpx, nq“minti : prωpx, nqris, n` 1q P Cu‰, if C X `Upxqˆtn` 1u˘ ‰ H,rωpx, nqr1s, otherwise.
(1.3)
Note that when px, nq P C, the first case occurs and Φpx, nq is a uniform pick among
those sites in ty : py, n` 1q P Cu, the n` 1-time slice of C; when px, nq R C, Φpx, nq
is simply a uniformly chosen neighbour of x. We put
X
px0,t0q
t0
:“ x0, Xpx0,t0qt`1 :“ ΦpXpx0,t0qt , tq, t P Z`. (1.4)
For fixed px0, t0q P ZˆZ, given ω, Xpx0,t0q is a (time-inhomogeneous) Markov chain
with
PωpXpx0,t0qt`1 “ y |Xpx0,t0qt “ xq
“ 1Upxqpyq ˆ
$’’&’’’%
|pUpxq ˆ tt` 1uq X C|´1 if py, t` 1q P C,
0
if py, t` 1q R C but
pUpxq ˆ tt` 1uq X C ‰ H,
|Upxq|´1 if pUpxq ˆ tt` 1uq X C “ H
(1.5)
and PωpXpx0,t0qt0 “ x0q “ 1. In fact, (1.4) implements a (coalescing) stochastic flow
with individual paths having transition probabilities given by (1.5).
When t0 “ 0 is fixed, we will abbreviate Xpzq :“ Xpz,0q for z P Z.
This walk was introduced and studied in Birkner et al. [2013], we refer to that
paper for a more thorough discussion of the background and related works. In par-
ticular, Birkner et al. [2013] describe a regeneration construction for Xpx0,t0q and
derived a LLN and a quenched CLT from it, see Theorems 1.1 and 1.3 there; the
results also imply that Xpx0,t0q and Xpx1,t0q are “almost independent” when they
are far apart. We recall in Section 2.1 below some details from Birkner et al. [2013]
that are relevant for the present study, see in particular (2.3) for the non-trivial vari-
ance in the CLT. Thus, we expect that on sufficiently large space-time scales, any
collection Xpx0,t0q, Xpx1,t1q, . . . , Xpxn,tnq should look similar to (coalescing) random
walks.
Remark 1.1. The study of random walks in dynamic random environments is cur-
rently a very active field which we cannot survey completely here, see e.g. Avena
et al. [2011], Hila´rio et al. [2015], Bethuelsen and Vo¨llering [2016], Salvi and Simen-
haus [2018] and the references there for recent examples. We note however that
the walks we consider here are somewhat unusual with respect to that literature
because of the time directions: There, one often considers scenarios where both
the walk and the random environment have the same “natural” forwards in time
direction as a (Markov) process whereas in our case, forwards in time for the walk
means backwards in time for the environment, namely the discrete time contact
process. More precisely, the time-slices of the cluster C can be seen to be equal in
distribution to the time-reversal of a stationary discrete-time contact process pηnq,
we refer to Birkner et al. [2013] for details.
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1.2. Main result: Brownian web limit in d “ 1. Before stating our main result we
briefly recall a suitable definition of the Brownian web, following for example Fontes
et al. [2004] or Sun [2005]. See also Schertzer et al. [2017] for a broader introduction
and an overview of related work. We define a metric on R2 by
ρppx1, t1q, px2, t2qq :“ | tanhpt1q ´ tanhpt2q| _
ˇˇˇˇ
tanhpx1q
1` |t1| ´
tanhpx2q
1` |t2|
ˇˇˇˇ
Let R2c be the completion of R
2 under ρ. We can think of R2c as the image of
r´8,8sˆ r´8,8s under the mapping
px, tq ÞÑ
ˆ
tanhpxq
1` |t| , tanhptq
˙
P R2c ,
i.e., R2c can be identified with the square r´1, 1sˆr´1, 1swhere the line r´1, 1sˆt1u
and the line r´1, 1s ˆ t´1u are squeezed to two single points which we call p˚,8q
and p˚,´8q.
We define Π to be the set of functions f : rσ,8s ÝÑ r´8,8s with “starting
points” σ P r´8,8s, such that the mapping t ÞÑ pfpσ_tq, tq from pR, |¨|q to pR2c , ρq
is continuous. We consider the elements in Π as a tuple of the function f and its
starting point σ. The set Π together with the metric
dppf, σq, pg, σ1qq – | tanhpσq ´ tanhpσ1q| _ sup
těσ^σ1
ˇˇˇˇ
tanhpfpt_ σqq
1` |t| ´
tanhpgpt_ σ1qq
1` |t|
ˇˇˇˇ
(1.6)
becomes a complete separable metric space. Let H be the set of compact subsets
of pΠ, dq. Equipped with the Hausdorff metric
dHpK1,K2q :“ sup
pf,σqPK1
inf
pg,σ1qPK2
dppf, σq, pg, σ1qq _ sup
pg,σ1qPK2
inf
pf,σqPK1
dppf, σq, pg, σ1qq,
H is a complete separable metric space. Let BH be the Borel σ-algebra associated
with the metric dH. We can characterize the Brownian web (BW) as follows:
Definition 1.2 (Brownian web). The Brownian web is a pH,BHq-valued random
variable W , whose distribution is uniquely determined by the following properties:
(i) For each deterministic z P R2, the set Wpzq :“ tpf, σq PW : pfpσq, σq “ zu
contains exactly one element almost surely.
(ii) For all z1, ..., zk P R2, pWpz1q, ...,Wpzkqq is distributed as coalescing Brow-
nian motions.
(iii) For any countable and dense subset D of R2, almost surely,W is the closure
of tWpzq : z P Du in pΠ, dq.
Let us give a precise definition of the system of coalescing random walks starting
from each point contained in the space-time-cluster of oriented percolation: Let
C “ tpx, nq P Z ˆ Z : px, nq ωÑ8u be the set of all points in the space-time lattice
which are connected to infinity (as defined in (1.1)). If a space-time point z “
px, nq P Zˆ Z is in C let
πz be the linearly interpolated path of the random walk Xpzq
starting from z with dynamics (1.4).
(1.7)
If a point z P Z ˆ Z is not in C, we choose the next point to the left of z that
is connected to infinity and define πz as a linearly interpolated copy of the path
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starting there. In formulas, if z “ px, nq R C we define
cppx, nqq :“ maxty ď x : py, nq P Cu and pπzptqqtěn :“ pπcpzqptqqtěn. (1.8)
Let Γ be the collection of all paths, i.e.
Γ :“ tπz : z P Zˆ Zu “ tπz : z P Cu. (1.9)
Since all paths in Γ are equicontinuous the closure of Γ, which we also denote by
Γ, is a random variable taking values in pH,BHq.
In order to formulate the convergence theorem precisely we consider for δ ą 0
and b ą 0 (b normalizes the standard deviation) the diffusive scaling map
Sb,δ :“ pS1b,δ, S2b,δq : pR2c , dq ÝÑ pR2c , dq,
where
Sb,δpx, tq :“ pS1b,δpx, tq, S2b,δptqq :“
$’&’%
pxδ
b
, δ2tq, if px, tq P R2,
p˘8, δ2tq, if px, tq “ p˘8, tq, t P R,
p˚,˘8q, if px, tq “ p˚,˘8q.
The mapping Sb,δ is naturally extended to pΠ, dq via
Sb,δ : Π ÝÑ Π
pπ, tq ÞÑ pS1b,δ ˝ π, S2b,δ ˝ tq.
For K Ă Π we set Sb,δK :“ tSb,δppπ, tqq : pπ, tq P Ku. Note that K P H implies
Sb,δK P H.
Theorem 1.0 (Birkner et al. [2013]). There is v P p0,8q such that conditioned on
p0, 0q P C,
Sv,δπ
p0,0q dÝÑ
δÓ0
standard Brownian motion.
The variance v has a description in terms of regeneration times, which we recall
from Birkner et al. [2013] in (2.3) below (cf. Birkner et al. [2013, Remark 1.2]).
Our main result is the following theorem.
Theorem 1.1. The pH,BHq-valued random variables pSv,δΓq converge in distribu-
tion to the Brownian web as δ Ó 0.
Remark 1.2. 1. An analogous result holds when Upxq “ ty : |y ´ x| ď Ru for some
R P N. Furthermore, note that even for R “ 1, paths in Γ can cross each other
without coalescing.
2. In the parlance of random walks in random environments, Theorems 1.0 and
1.1 are annealed limit theorems, i.e., the randomness refers to jointly averaging the
walk and the realization of the percolation cluster. In fact, Birkner et al. [2013]
proved also a quenched version of Theorem 1.0, where a typical cluster is fixed and
randomness refers only to the steps of the walk. However, we presently do not have
a quenched analogue of Theorem 1.1 (see also the discussion in Section 3 below).
3. Sarkar and Sun [2013] considered the system of rightmost paths on an oriented
(bond) percolation cluster and showed that it converges to the Brownian web after
suitable centering and rescaling. Thus, in Sarkar and Sun [2013], walkers move
to the right whenever possible (and in particular they cannot cross each other)
whereas in our set-up, the walks pick uniformly among the allowed neighbors.
6 Matthias Birkner, Nina Gantert and Sebastian Steiber
We prove Theorem 1.1 in Section 2 and discuss some implications and further
questions in Section 3.
2. Proofs
Remark 2.1. In the proofs that follow C and c denote some positive constants whose
exact value is not important for the argument. The constants C and c may also
vary within a chain of inequalities. If the value of a certain constant is important
for a later step, we add a subscript to it C1, C2, ....
2.1. Preliminaries. Here, we briefly recall concepts and results from Birkner et al.
[2013] that will be required for our arguments.
For z “ px, nq P Zˆ Z, writing Bz – tz P Cu, we abbreviaterPzp¨q :“ Pp¨ |Bzq and rPz1,z2p¨q :“ Pp¨ |Bz1 XBz2q. (2.1)
Birkner et al. [2013, Sections 2.1–2.2] describes a regeneration construction for
pXzt qtě0: There are random times 0 “ T z0 ă T z1 ă T z2 ă . . . such that with
Y zi – X
z
T zi
´XzT zi´1 , the sequence of space-time increments along the regeneration
times T zi `
Y zi , T
z
i ´ T zi´1
˘
i“1,2,... is i.i.d. under Pp¨ | Bzq (2.2)
with rPz p|Y z1 | ě nq , rPz pT z1 ´ T z0 ě nq ď Ce´cn (see Birkner et al. [2013, Lemma 2.5]).
By symmetry, rEzrY z1 s “ 0. In fact, (2.2) already yields an (annealed) central limit
theorem with limit variance
v “
rEzrpY z1 q2srEzrT z1 s P p0,8q, (2.3)
see Birkner et al. [2013, Remark 1.2]. (In Birkner et al. [2013], all this is formulated
for z “ p0, 0q but by shift-invariance of the joint distribution of ω and rω, it holds
for any z P Zˆ Z and in particular v in (2.3) does not depend on z.)
For z1 “ px1, 0q, z2 “ px2, 0q P Z ˆ Z consider the simultaneous regeneration
times 0 “ T sim0 ă T sim1 ă T sim2 ă . . . for Xz1 and Xz2 , defined via 
T simi : i P N0
( “  T z1j : j P N0(X !T z2j1 : j1 P N0) (2.4)
(we have T simi ă 8 a.s. for all i, see Birkner et al. [2013, Section 3.1]). In our
notation we suppress the dependence of T simi on the starting points z1, z2.
Write pXz1ℓ – Xz1T sim
ℓ
, pXz2ℓ – Xz2T sim
ℓ
, ℓ P N0. In Birkner et al. [2013, Section 3.1]
it is shown (with a slightly different notation, see also Birkner et al. [2013, Re-
mark 3.3]) that the sequence of pairs of path increments between the simultaneous
regeneration times,ˆ´
Xz1
t`T sim
ℓ´1
´ pXz1ℓ´1¯
0ďtďT sim
ℓ
´T sim
ℓ´1
,
´
Xz2
t`T sim
ℓ´1
´ pXz2ℓ´1¯
0ďtďT sim
ℓ
´T sim
ℓ´1
, T simℓ ´ T simℓ´1
˙
ℓPN
(2.5)
forms a Markov chain under rPz1,z2 , see Birkner et al. [2013, Lemma 3.2]. Further-
more, the transition probabilities depend only on the current positions
` pXz1ℓ , pXz2ℓ ˘
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and the increments between simultaneous regeneration times have uniformly expo-
nentially bounded tails,rPz1,z2´T simℓ ´ T simℓ´1 ą n¯ ď Ce´cn for all n P N, z1 “ px1, 0q, z2 “ px2, 0q P Zˆ Z
(2.6)
(see Birkner et al. [2013, Lemma 3.1]). In particular,
` pXz1ℓ , pXz2ℓ ˘ℓPN0 is itself a
Markov chain under rPz1,z2 and – by shift invariance of the joint distribution of
ω and rω – its transition matrix is invariant under simultaneous shifts in both
coordinates, i.e.rPz1,z2´ pXz1ℓ`1 “ y11, pXz2ℓ`1 “ y12 ˇˇˇ pXz1ℓ “ y1, pXz2ℓ “ y2¯
“ rPz1,z2´ pXz1ℓ`1 “ y11 ` y, pXz2ℓ`1 “ y12 ` y ˇˇˇ pXz1ℓ “ y1 ` y, pXz2ℓ “ y2 ` y¯ (2.7)
for all y1, y
1
1, y2, y
1
2, y P Z. Thus pDz1,z2ℓ :“ pXz1ℓ ´ pXz2ℓ , the difference of the two
walks along simultaneous regeneration times, forms also a Markov chain; we denote
its transition matrix by pΨjointdiff (in the notation of Birkner et al. [2013, Lemma 3.3],
we have pΨjointdiff px, yq “ řzPZ pΨjoint`px, 0q, pz ` y, zq˘).
Because Xz1 and Xz2 have bounded increments, (2.6) implies an exponential
tail bound for jump sizes under pΨjointdiff :pΨjointdiff px, yq ď Ce´c|y´x| for x, y P Z. (2.8)
One can implement the same construction when the two walksXz1 andXz2 move
independently on independent copies of the oriented percolation cluster (formally,
let ω1 be an independent copy of ω and rω1 an independent copy of rω, then construct
Xz2 by using ω1 and rω1 in (1.3) and (1.4); we condition now on z1Ñω8 and
z2Ñω1 8). Then p pDz1,z2ℓ qℓ is again a Markov chain on Z, we denote its transition
probability matrix in this case by pΨinddiff . In fact, pΨinddiff is irreducible, symmetric
and spatially homogeneous (i.e., pDz1,z2 is now a symmetric random walk) with
exponentially bounded tailspΨinddiffpx, yq “ pΨinddiffpy, xq “ pΨinddiffp0, y ´ xq ď Ce´c|y´x| for x, y P Z, (2.9)
see Birkner et al. [2013], Section 3.1, especially the discussion after Remark 3.3.
Using a coupling construction and space-time mixing properties of the percola-
tion cluster, one finds the following lemma.
Lemma 2.2 (Birkner et al. [2013, Lemma 3.4]). We have (‖¨‖TV denotes total
variation distance)
∥
∥pΨjointdiff px, ¨q ´ pΨinddiffpx, ¨q∥∥TV ď Ce´c|x| for all x P Z. (2.10)
Remark 2.3. One can in complete analogy to the construction for m “ 2 walks con-
sider joint regeneration times for any numberm ě 2 of walksXpx1,n1q, . . . , Xpxm,nmq
(obviously, joint regeneration can then only occur after “real” time maxtn1, n2, . . . ,
nmu). In fact, in Section 2.3.3 we will consider the case m “ 5.
Following the construction in Birkner et al. [2013, Section 3], one obtains that a
tail bound for increments between joint regeneration times analogous to (2.6) also
holds in this case.
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2.2. A bound on the meeting time for two walks on the cluster. Let T
pz1,z2q
meet :“
inftn ě 0 : Xpz1qn “ Xpz2qn u (with the usual convention infH “ `8).
Lemma 2.4. There is C “ Cppq ă 8 such that
rPz1,z2pT pz1,z2qmeet ą nq ď C |z1 ´ z2|?n for z1, z2 P Z, n P N. (2.11)
In particular, rPz1,z2pT pz1,z2qmeet ă 8q “ 1 and hence also PωpT pz1,z2qmeet ă 8q “ 1 for
P-almost all ω P Bpz1,0q XBpz2,0q.
Instead of conditioning on pz1, 0q, pz2, 0q P C in (2.11), we could also pick the
“nearest” connected sites (say, on the left, as in (1.8)) without changing the state-
ment.
We are interested in collision events of two directed random walks Xpz1q, Xpz2q
moving on the same space-time cluster C, i.e., we ask that the two walks are at the
same time at the same site. Lemma 2.4 tells us in particular that a collision event
between two random walks occurs almost surely in dimension d “ 1. This is not
completely obvious a priori because “holes” in the space-time cluster C might at
least in principle prevent such collisions. However, the right-hand side of (2.11) is
– modulo a constant – also the correct order for the corresponding probability for
two simple random walks on Z, so that in this sense, the holes in the cluster do not
have a strong influence.
Fix z1, z2, putpT pz1,z2qmeet :“ inf  ℓ P N : pXz1ℓ “ pXz2ℓ ( “ inf  ℓ P N : pDz1,z2ℓ “ 0(. (2.12)
In view of (2.6), it suffices to establish that there is a constant C “ Cppq ă 8 such
that rPz1,z2` pT pz1,z2qmeet ą n˘ ď C |z1 ´ z2|?n for z1, z2 P Z, n P N. (2.13)
(To pass from pT pz1,z2qmeet to T pz1,z2qmeet note that if kpnq denotes the last simultaneous
regeneration time before time n, for sufficiently small c ą 0, the probability of the
event tkpnq{n ă cu decays exponentially as nÑ 8.)
The key ingredient for the proof of Lemma 2.4 is the estimate on the total
variation error between pΨjointdiff and pΨinddiff recalled in Lemma 2.2. Lemma 2.4 is
thus in a sense a “trivial” instance of a so-called Lamperti problem, p pDz1,z2ℓ qℓ is
under rPz1,z2 a Markov chain that is a local perturbation of a symmetric random
walk and the drift at x vanishes exponentially fast in |x|. A very fine analysis
in the case of ˘1-steps can be found in Alexander [2011], see also the references
there for background. Denisov et al. [2016] have established a generalization of
Alexander’s results to the non-nearest neighbour case which in particular refines
(2.11) to asymptotic equivalence as n Ñ 8 (see Denisov et al. [2016] Thm. 5.11
and Lemma 5.12; cf also Cor. 5.16 for the hitting time of a point instead of a
half-interval). A recent and equally enjoyable reference on Lamperti problems is
Menshikov et al. [2017]. For completeness’ sake we present here a short, rough proof
of the coarser estimate that suffices for our purposes. (More detailed arguments
can also be found in Steiber [2017, Chapter 2].)
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(Sketchy) proof of Lemma 2.4: Write p pDnqnPN0 for the Markov chain on Z with
transition probabilities pΨjointdiff . For x P Z we will write here Pjointx for a probability
measure under which this Markov chain starts in x, i.e., Pjointx p pD0 “ xq “ 1.
Let us first verify that there exists x0 ą 0, n0 ą 0 and C such that
P
joint
x
`
τx0 ą n
˘ ď C |x|?
n
for all n ě n0, x P Z (2.14)
where
τx0 – inftn ě 0 : | pDn| ď x0u. (2.15)
By Lemma 2.2 and analogous properties of pΨinddiff we haveˇˇ
Er pDn`1 ´ x| pDn “ xsˇˇ ď Ce´cx and Varr pDn`1| pDn “ xs ě σ˜2 (2.16)
whenever |x| is sufficiently large (for suitable σ˜2, c, C P p0,8q).
We can find c1, x0 P p0,8q such that the function
fpxq “
ż |x|
0
exp
`
2e´c1y{c1
˘
dy, x P R (2.17)
is non-negative and superharmonic for pΨjointdiff in Z X r´x0, x0sc. This follows from
Lemma 2.2 and a Taylor expansion of f to second order (more details are given in
Appendix A). Note that f solves 1
2
f2pxq ` sgnpxqe´c1|x|f 1pxq “ 0 for x ‰ 0, i.e., f
is a harmonic function for a Brownian motion with spatially inhomogeneous drift
sgnpxqe´c1|x|. Note that fpxq can in principle be expressed explicitly in terms of the
exponential integral function (see, e.g., Abramowitz and Stegun [1964, Chapter 5]),
for our purposes it suffices to observe that 0 ď fpxq ď e2{c1 |x|.
Thus, starting from pD0 “ x with |x| ą x0, Zn – fp pDn^τx0 q is a non-negative
supermartingale with Z0 “ fpxq ď c|x| and it is easy to see (cf (2.16)) that for
some b1 ă 8, 0 ă b2 ă 8ˇˇ
ErZn`1 |σpZ0, . . . , Znqs ´ Zn
ˇˇ ď b1, VarrZn`1 |σpZ0, . . . , Znqs ě b2 on tτx0 ą nu
(2.18)
(2.14) follows then from well known tail bounds for hitting times of supermartingales
(see, e.g., Levin et al. [2009, Proposition 17.20]).
Obtaining (2.13) from (2.14) is a fairly standard argument for irreducible Markov
chains: We can find M ă 8, ε ą 0 such that
inf
|x|ďx0
P
joint
x
` pD hits 0 within at most M steps without exiting r´x0, x0s before˘ ě ε.
(2.19)
Thus, starting from some x P r´x0, x0s, the path of pD before hitting 0 can be
decomposed into an at most geometrically distributed number of “outside excur-
sions” out of r´x0, x0s and path pieces inside r´x0, x0s, plus the final piece inside
r´x0, x0s when 0 is hit for the first time. By (2.14) and the (exponential) tail
bounds on jumps sizes for pΨjointdiff , the tail of the length distribution of an outside
excursion is bounded by C{?n (uniformly in n ě n0 and the starting point inside),
the length distribution of the pieces “inside” has (again uniformly in the starting
point inside) exponentially decaying tails. It is well known that a geometric sum of
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non-negative random variables with a tail bound of the form C{?n again satisfies
such a tail bound (with an enlarged C), thus there are C ă 8 and n0 P N with
sup
|x|ďx0
P
joint
x
`
inftℓ ě 0 : pDℓ “ 0u ą n˘ ď C?
n
for all n ě n0, (2.20)
see, e.g. the proof of Corollary 5.16 in Denisov et al. [2016].
Now (2.13), with a suitably enlarged C, is for |z1 ´ z2| ď x0 immediate from
(2.20), for |z1 ´ z2| ą x0 it follows from (2.14) and (2.20) sincerPz1,z2p pT pz1,z2qmeet ą nq ď Pjointz1´z2`τx0 ą n{2˘` sup|x|ăx0 Pjointx ` inftℓ ě 0 : pDℓ “ 0u ą n{2˘.

Remark 2.5. Put σy – inftn ě 0 : | pDn| ě yu (and recall τx0 from (2.15) and x0
from the proof of Lemma 2.4). We see from the proof of Lemma 2.4 that there
exist y0 P N and c ă 8 so that
P
joint
x pτx0 ą σyq ď c
x
y
for all 2x0 ă x ă y and y ě y0. (2.21)
Proof : With f from (2.17) and τ – τx0 ^ σy, the process pfp pDn^τ qqnPN0 is a non-
negative supermartingale (w.r.t. the filtration generated by the Markov chain pD),
thus by optional stopping
fpxq ě Ejointx
“
fp pDτ q‰
“ Pjointx pτx0 ą σyqEjointx
“
fp pDτ q ˇˇ τx0 ą σy‰
` `1´ Pjointx pτx0 ą σyq˘Ejointx “fp pDτ q ˇˇ τx0 ă σy‰
ě Pjointx pτx0 ą σyq
`
fpyq ´ fpx0q
˘` fpx0q. (2.22)
This together with |x| ď fpxq ď e2{c1 |x| implies (2.21). 
The following lemma allows to control the undesirable situation that two walks
come close but then separate again and spend a long time apart before eventually
coalescing. We will need this in Section 2.3.2 below (Checking condition pI1q,
Step 2).
Lemma 2.6. For z1 “ px1, t1q, z2 “ px2, t2q P Zˆ Z write
T z1,z2near :“ inf
 
t P Z, t ě t1 _ t2 : |πz1ptq ´ πz2ptq| ď 1
(
, (2.23)
T
z1,z2
meet :“ inf
 
t P Z, t ě t1 _ t2 : πz1ptq “ πz2ptq
( ` ě T z1,z2near ˘. (2.24)
The family tT z1,z2meet ´ T z1,z2near : z1, z2 P Zˆ Zu is tight, that is
lim
MÑ8
sup
z1,z2PZˆZ
P
`
T
z1,z2
meet ´ T z1,z2near ěM
˘ “ 0. (2.25)
In particular
lim
MÑ8
sup
z1,z2PZˆZ
P
´
sup
 |πz1ptq ´ πz2ptq| : T z1,z2near ď t ď T z1,z2meet ( ěM¯ “ 0. (2.26)
Proof sketch: (2.26) follows from (2.25) because |πz1pT z1,z2near q´πz2pT z1,z2near q| ď 1 and
thus
sup
 |πz1ptq ´ πz2ptq| : T z1,z2near ď t ď T z1,z2meet ( ď 1` 2`T z1,z2meet ´ T z1,z2near ˘.
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For (2.25), consider first the case t1 “ t2, and then w.l.o.g. t1 “ t2 “ 0, x1 “ 0.
Write
Xn “ πz1pnq, X 1n “ πz2pnq, n P N0
for the two walks. The idea behind (2.25) is that even if |πz1pT z1,z2near q´πz2pT z1,z2near q| “
1 and thus T z1,z2near ă T z1,z2meet , the difference should be bounded in probability irre-
spective of where the two walks are at time T z1,z2near in view of Lemma 2.4. A little
complication lies in the fact that the pair pXn, X 1nqn is not in itself a Markov chain,
so we cannot simply stop at the random time T z1,z2near and then apply the strong
Markov property.
Instead, we consider the two walks along their joint regeneration times 0 “
T sim0 ă T sim1 ă T sim2 ă ¨ ¨ ¨ , which yields a Markov chain p pXℓ, pX 1ℓqℓPN0 (recall the
discussion and notation from Section 2.1). For a ą 0 putpT paq :“ inf  ℓ P N0 : ˇˇ pXℓ ´ pX 1ℓ ˇˇ ď a(.
Fix M ą 0 and let k P N be the smallest integer such that 2kM ě |x2 ´ x1|.
Then
P
´
|Xn ´X 1n| ď 1 for some n ă T simpT pMq
¯
ď
kÿ
j“1
P
´
|Xn ´X 1n| ď 1 for some T simpT p2jMq ď n ă T simpT p2j´1Mq
¯
ď
kÿ
j“1
P
`
T simℓ ´ T simℓ´1 ą 2j´2M for some pT p2jMq ď ℓ ă pT p2j´1Mq˘
ď
kÿ
j“1
!
P
` pT p2j´1Mq ´ pT p2jMq ą p2jMq3˘
` P`T simℓ ´ T simℓ´1 ą 2j´2M for some ℓ
with pT p2jMq ď ℓ ď pT p2jMq ` p2jMq3˘)
ď
kÿ
j“1
! CM2jap2jMq3 ` p2jMq3C exp `´ c2j´2M˘
)
ď C
M1{2
8ÿ
j“1
1
2j{2
` CM3
8ÿ
j“1
exp
`
j logp2q ´ c2j´1M˘ “: bpMq.
Note that bpMq Ñ 0 as M Ñ8.
We can apply the Markov property of p pXℓ, pX 1ℓq at the stopping time pT pMq (which
corresponds to time T simpT pMq for the two walks pXn, X 1nq themselves), noting that
|XT simxTpMq ´X
1
T simxT pMq | “ |
pX pT pMq ´ pX 1pT pMq| ďM
and thus, using shift-invariance of the joint distribution and Lemma 2.4,
P
`
T
z1,z2
meet ´ T z1,z2near ąM5
˘
ď P
´
|Xn ´X 1n| ď 1 for some n ď T simpT pMq
¯
`
Mÿ
x“1
rP0,x`T p0,xqmeet ąM5˘
ď bpMq ` C
Mÿ
x“1
x
M5{2
ÝÑ
MÑ8
0 (2.27)
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and the bound in the last line holds uniformly for all z1, z2 P Zˆ Z.
When t1 ‰ t2, say t2 ą t1, we let the first walk begin at time t1 and “run freely”
until time t2, then argue as above. Again, there is a slight complication because we
would have to first look only along regeneration times, then use joint regeneration
times as soon as the second walk “comes into the picture”. This can be handled
similarly as above, we do not spell out the details. 
2.3. Proof of Theorem 1.1. We follow the approach developed in Newman et al.
[2005] and Sun [2005].
2.3.1. Conditions for convergence to the Brownian web. First we introduce a little
more notation which is needed to formulate the sufficient conditions for convergence
to the Brownian web from Newman et al. [2005]. Define ΛL,T – r´L,Lsˆr´T, T s Ă
R
2. For x0, t0 P R and u, t ą 0 let Rpx0, t0, u, tq be the rectangle rx0 ´ u, x0 ` us ˆ
rt0, t0` ts Ă R2 and define At,upx0, t0q to be the set of K P H which contain a path
that touches both, the rectangle Rpx0, t0, u, tq and the left or right boundary of the
bigger rectangle Rpx0, t0, 20u, 2tq (note At,upx0, t0q P BH). For a, b, t0, t P R, a ă
b, t ą 0 and K P H, we define the number of distinct points in Rˆ tt0 ` tu, which
are touched by some path in K that also touches ra, bs ˆ tt0u by
ηpt0, t; a, bq– ηKpt0, t; a, bq
– #ty P R : Dx P ra, bs and a path in K which
touches both px, t0q and py, t0 ` tqu.
Similarly, letpηpt0, t; a, bq– pηKpt0, t; a, bq
– #tx P pa, bq there is a path in K which touches both Rˆ tt0u and px, t0 ` tqu.
be the number of points in pa, bq ˆ tt ` t0u which are touched by some path in K
which started at time t0 or before.
If X is a pH,BHq-valued random variable, we define
X s
´
to be the subset of paths in X which start before or at time s. (2.28)
Combining Theorem 1.4 and Lemma 6.1 from Newman et al. [2005], we see that
a family tXnun of pH,BHq-valued random variables with distribution tµnun con-
verges in distribution to the standard Brownian web W , if it satisfies the following
conditions:
(I1) There exist single path valued random variables θ
y
n P Xn, for y P R2, satis-
fying:
for D a deterministic countable dense subset of R2, for any determinis-
tic z1, ..., zm P D, θz1n , ..., θzmn converge jointly in distribution as n Ñ 8
to coalescing Brownian motions (with unit diffusion constant) starting at
z1, ..., zm.
(T1) For every u, L, T P p0,8qrgpt, u;L, T q ” t´1 lim sup
nÑ8
sup
px0,t0qPΛL,T
µnpAt,upx0, t0qq ÝÑ 0 as tÑ 0`,
which is a sufficient condition for the family tXnun to be tight.
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(B11) For all β ą 0
lim sup
nÑ8
sup
tąβ
sup
t0,aPR
µnpηpt0, t; a´ ε, a` εq ą 1q ÝÑ 0 as εÑ 0`.
pE11q If Zt0 is any subsequential limit of tX t
´
0
n un for any t0 P R, then for all
t, a, b P R, with t ą 0 and a ă b,
ErpηZt0 pt0, t; a, bqs ď ErpηWpt0, t; a, bqs “ b´ a?πt .
Remark 2.7. 1. We consider the diffusively rescaled closure of Γ “ tπz : z P ZˆZu “
tπz : z P Cu, which is the collection of all linearly interpolated random walk paths.
Therefore, instead of Xn, we usually write Xδ to denote the pH,BHq-valued random
variable Sv,δΓ. If we want to consider the weak limit of pXδqδą0 along a certain
subsequence pδnqn, where δn Ñ 0 as nÑ8, we denote the random variables Sv,δnΓ
by Xδn . The probability measure P ˝ pSv,δnΓq´1 on pH,BHq is denoted by µδn .
2. We invoke condition pE11q because because in our model, paths πz1 and πz2
can cross each other without coalescing. In this respect, our scenario is different
from that in Sarkar and Sun [2013].
2.3.2. Checking condition pI1q. Let D be a dense countable subset of R2 and choose
distinct y1 “ px1, t1q, ..., ym “ pxm, tmq P D. Define yδ,i :“ p
X
xivδ
´1\ , Xtiδ´2\q. Let
πiδ :“ S1v,δ ˝ πyδ,i , i “ 1, . . . ,m (2.29)
be the corresponding diffusively rescaled (and coalescing) random walks. In order
to show that pπ1δ , . . . , πmδ q converges to a system of m coalescing Brownian motions
as δ Ñ 0, we will follow the strategy from Newman et al. [2005] and construct a
suitable coupling with m independent walks on the cluster. One could alternatively
attempt to use the characterization of coalescing Brownian motions via a martingale
problem, we discuss this briefly in Remark 2.8 below.
We will need some auxiliary types of paths: Let rXpcpyδ,iqq “ p rXpcpyδ,iqqt qtPZ`,
i “ 1, . . . ,m be independent conditional on C with transition probabilities given by
(1.5), i.e., rXpcpyδ,iqq, . . . , rXpcpyδ,mqq are m independent walks on the same realization
of the cluster, with rXpcpyδ,iqq starting from the nearest possible starting point to
yδ,i on C (recall cpzq from (1.8)). Note that we can for example construct these
walks as in (1.4) and (1.3) by using m independent copies of rω. Let rπpcpyδ,iqq be
the extension of rXpcpyδ,iqq to real times by linear interpolation, and denote their
rescalings by rπiδ :“ S1v,δ ˝ rπpcpyδ,iqq, i “ 1, . . . ,m. (2.30)
Note that rπiδ “d πiδ for every i but unlike the πiδ’s, different paths rπiδ and rπjδ with
j ‰ i can meet at times P δ2Z and then separate again.
Furthermore, we need two different coalescence rules on Πm: Under the first rule
Γα, paths are merged when they first coincide. Let ppf1, σ1q, . . . , pfm, σmqq P Πm.
Define
T i,jα – inftt ą σi _ σj , t P R : fiptq “ fjptqu.
Note that t P R can be arbitrary, in particular t R δ2Z is possible.
14 Matthias Birkner, Nina Gantert and Sebastian Steiber
Start with the (trivial) equivalence relation i „ i, i  j for all i ‰ j on t1, ...,mu.
Define
τα – min
1ďi,jďm,ij
T i,jα , with minH “ 8
and
Γαpfiptqq –
#
fiptq, if t ă τα
fi˚ptq, if t ě τα
where i˚ “ mintj : pj „ iq or pj  i and T i,jα “ ταqu. Update the equivalence
relation at time τα by assigning i „ i˚ (and implicitly also i „ i1 for all i1 „ i˚).
Iterating this procedure, we get the desired structure of coalescing random walks.
We label the successive times τα by τ
1
α, ..., τ
k
α , where k P t1, ...,mu is the smallest
index such that τkα “ 8 (after k steps, either all paths have been merged or no
further meeting of paths occurs). We will denote the resulting m-tuple of paths by
Γα
`pf1, σ1q, . . . , pfm, σmq˘.
When we apply Γα to pπ1δ , . . . , πmδ q it may because of the linear interpolation
happen that paths are merged even though the underlying discrete walks did not
meet. This is not literally the correct dynamics and is not the case for the second
coalescence rule Γβ,δ.
Γβ,δ : Π
m Ñ Πm is defined analogously to Γα except that we replace in the
construction T i,jα by
T
i,j
β,δ – inftt P δ2Z : t ě σi _ σj and fiptq “ fjptqu.
Note that by construction´
Γα
`rπ1δ , . . . , rπmδ ˘,Γβ,δ`rπ1δ , . . . , rπmδ ˘¯ d“´Γα`π1δ , . . . , πmδ ˘, `π1δ , . . . , πmδ ˘¯,
thus in particular
Γβ,δ
`rπ1δ , . . . , rπmδ ˘ d“ `π1δ , . . . , πmδ ˘ “ Γβ,δ`π1δ , . . . , πmδ ˘ (2.31)
and
Γα
`rπ1δ , . . . , rπmδ ˘ d“Γα`π1δ , . . . , πmδ ˘. (2.32)
With our preparations, to verify condition pI1q, it suffices to show:
(1) Show that prπ1δ , . . . , rπmδ q converges as δ Ñ 0 in distribution on Πm to m
independent Brownian motions pB1, . . . ,Bmq.
(2) Show that Γα
`
π1δ , . . . , π
m
δ
˘
and Γβ,δ
`
π1δ , . . . , π
m
δ
˘
are close with high prob-
ability as δ Ñ 0.
(3) Using Step 1 and (2.32), Γα
`
π1δ , . . . , π
m
δ
˘
converges in distribution to m
coalescing Brownian motions pB1coal, . . . ,Bmcoalq “ ΓαpB1, . . . ,Bmq with the
correct starting points. Combining Step 2 and (2.31) then yields the claim.
Step 1: Let us verify that
prπ1δ , . . . , rπmδ q dÝÑ
δÑ0
pB1, . . . ,Bmq, (2.33)
where B1, . . . ,Bm are independent Brownian motions and Bi starts from yi. Obvi-
ously, any limit will have the correct starting points by construction. To identify
the limit, we essentially apply the quenched CLT from Birkner et al. [2013]m times,
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but we have to be a little careful because the rescaled starting points yδ,i might be
inside a “hole” of the cluster C.
Using Birkner et al. [2013, Theorem 1.1, Remark 1.5] we know that for every
px, nq P Z ˆ Z the diffusively rescaled random walk πpx,nqδ converges weakly under
Pp¨|Bpx,nqq to a Brownian motion, where Bpx,nq is the event that px, nq is connected
to infinity. Define Gpx,nq to be the event that the quenched functional central limit
theorem holds for a path starting in px, nq. Birkner et al. [2013, Theorem 1.1,
Theorem 1.4] yields PpGpx,nq|Bpx,nqq “ 1, hence
G–
č
px,nqPZ2
´
Gpx,nq Y pBpx,nqqc
¯
satisfies PpGq “ 1 since the complement is a countable union of null sets. Thus up
to a P-null set either px, nq P Z ˆ Z is not connected to infinity or the quenched
functional central limit theorem holds in px, nq. Keeping this in mind, in order to
prove the claim of Step 1, is remains to show that
cpyδ,iqδ
v
ÝÑ
δÓ8
xi in probability, (2.34)
where cppx, nqq “ maxty ď x : py, nq P Cu as defined in (1.8).
According to Durrett [1984, Section 10, in particular Eq. (5) on p. 1029] we know
that there exist K,C ą 0 such that
P p|x´ cppx,mqq| ě K logp1{δqq ď Cδ2 for all px,mq P Zˆ Z and δ P p0, 1q.
(2.35)
The bound (2.35) on the probability of holes of order « logp1{δq to occur implies
P
ˆˇˇˇˇ
xi ´ cpyδ,iqδ
v
ˇˇˇˇ
ą ε
˙
“ P
´ˇˇ
xivδ
´1 ´ cpyδ,iq
ˇˇ ą εv
δ
¯
ÝÑ 0 as δ Ó 0
for every ε ą 0 and i “ 1, . . . ,m, from which (2.34) and thus (2.33) follow.
Step 2: Let us write pπ1δ,α, . . . , πmδ,αq “ Γα
`
π1δ , . . . , π
m
δ
˘
and recall from (2.31) that
pπ1δ , . . . , πmδ q “ Γβ,δ
`
π1δ , . . . , π
m
δ
˘
. We metrize Πm with the product metric d˚m
based on dp¨, ¨q from (1.6).
We claim that for every ε ą 0,
P
´
d˚m
´`
π1δ,α, . . . , π
m
δ,α
˘
,
`
π1δ , . . . , π
m
δ
˘¯ ě ε¯ÝÑ
δÑ0
0 (2.36)
(comparing with the definition of d in (1.6), we leave the dependence on the starting
times implicit here).
Define a new metric
d¯ppf, σq, pg, σ1qq – |σ ´ σ1| _ sup
tPR
|fpt_ σq ´ gpt_ σ1q|
on Π and analogously d¯˚m on Πm. We have dppf1, t1q, pf2, t2qq ď d¯ppf1, t1q, pf2, t2qq
for all pf1, t1q, pf2, t2q P Π, since tanhp¨q is Lipschitz continuous with Lipschitz
constant one. Therefore in order to prove (2.36) its enough to show that
P
`
d¯˚m
“`pπ1δ,α, tδ´2t1uq, . . . , pπmδ,α, tδ´2tmuq˘ , `pπ1δ , tδ´2t1uq, . . . , pπmδ , tδ´2tmuq˘‰ ě ε˘
ÝÑ
δÑ0
0.
(2.37)
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We prove (2.37) by induction over m.
Let m “ 2. Since π1δ,α “ π1δ by construction we get that
d¯˚2
“`pπ1δ,α, tδ´2t1uq, pπ2δ,α, tδ´2t2uq˘ , `pπ1δ , tδ´2t1uq, pπ2δ , tδ´2t2uq˘‰
“ d¯ “pπ2δ,α, tδ´2t2uq, pπ2δ , tδ´2t2uq‰
ď δ sup  |πyδ,1ptq ´ πyδ,2ptq| : T yδ,1,yδ,2near ď t ď T yδ,1,yδ,2meet ( (2.38)
(recall T
yδ,1,yδ,2
near from (2.23) and T
yδ,1,yδ,2
meet from (2.24)). The bound in (2.38) holds
because πz ’s are linear interpolations of discrete walks with steps from t´1, 0, 1u
and by definition of the merging rule Γα, π
2
δ,αptq “ π2δ ptq for t ă T yδ,1,yδ,2near . (2.38)
and (2.26) from Lemma 2.6 imply (2.37) for m “ 2.
Now let m ą 2. Here, we can argue essentially analogously to Newman et al.
[2005, p. 45]. There are two possibilities for the event in (2.37) to occur.
The first possibility is that a “wrong” (α-)coalescing event occurs, which means
that for some k and i ă j a path πl1, l ă i coalesces or changes its relative order
with πi1 after time τ
k
α “ T i,jα and before time T i,jβ (where there is then no need for
πl1 and π
j
1 to coalesce “soon” since their paths did not cross before). Let us consider
this case.
Using Step 1 (see also Birkner et al. [2013, Theorem 1.3, Remark 1.5, Remark
3.11]) and (2.32) together with the fact that LpB1, ...,Bmq has full measure on the
set of continuity points of the mapping Γα, Γα
`rπ1δ , . . . , rπmδ ˘ converges in distribution
on Πm to m coalescing Brownian motions
pB1coal, . . . ,Bmcoalq “ ΓαpB1, . . . ,Bmq
with the correct starting points. Write tT i,jα,δu1ďi,jďm for the coalescence times of
prπ1δ,α, . . . , rπmδ,αq “ Γα`rπ1δ , . . . , rπmδ ˘ and tT i,jβ,δu1ďi,jďm for the coalescence times of
prπ1δ,β, . . . , rπmδ,βq “ Γβ`rπ1δ , . . . , rπmδ ˘. We thus obtain for all i ‰ j ď m´
T
i,j
α,δ
¯
1ďi‰jďm
dÝÑ
δÑ0
`
τ i,j
˘
1ďi‰jďm (2.39)
where τ i,j is the coalescence time (and indeed also the first crossing time) of Bicoal
and Bjcoal. Note that almost surely, pB1coal, . . . ,Bmcoalq “ ΓαpB1, . . . ,Bmq arises via
m´ 1 distinct coalescence events at a.s. distinct times.
Furthermore, Lemma 2.6 shows that for every ε ą 0, the events
Aδpεq :“
č
1ďiăjďm
!
T
yδ,i,yδ,j
meet ´ T yδ,i,yδ,jnear ă
ε
δ2
)
satisfy limδÓ0 PpAδpεqq “ 1. On the event
Aδpεq X
"
inf
´ |T i,jα,δ ´ T i1,j1α,δ | : 1 ď i, j, i1, j1 ď m, pi, jq ‰ pi1, j1q( z t0u¯ ą 2ε*
we have
max
1ďiăjďm
|T i,jα,δ ´ T i,jβ,δ| ď ε.
Since ε ą 0 is arbitrary, we have in fact
max
1ďiăjďm
|T i,jα,δ ´ T i,jβ,δ| ÝÑ
δÑ0
0 in probability.
But then the probability of a “wrong” coalescing event tends to zero, since all the
crossing times of the Brownian motions are a.s. distinct.
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The second possibility for the event in (2.37) to occur is that there is “too much”
time between the crossing and the coalescence. “Too much” time means there is
a positive probability that at least one pair of the random walks needs more than
ε{δ2 steps to coalesce after their paths crossed, for some ε ą 0, which would allow
max1ďi‰j‰m supt |πiδ,αptq´πiδptq| to remain “macroscopic”. This is ruled out by an
argument similar to the one above, note that again by Lemma 2.6, the events
A1δpεq :“
č
1ďiăjďm
!
sup
 |πδ,iptq ´ πyδ,j ptq| : T yδ,i,yδ,jnear ď t ď T yδ,i,yδ,jmeet ( ă εδ)
satisfy limδÓ0 PpA1δpεqq “ 1 for every ε ą 0. Thus, the proof of (2.37) for m ą 2 is
completed.
Step 3 (Verification of (I1)): Combine (2.33), (2.32) and (2.36) to see that`
π1δ , . . . , π
m
δ
˘ dÝÑ
δÑ0
pB1coal, . . . ,Bmcoalq. (2.40)
Remark 2.8. An alternative route to (2.40) would be to use the characterization
of the law of coalescing Brownian motions (viewed as the special case of θ-sticky
Brownian motions with θ “ 0) as the unique solution of a martingale problem from
Howitt [2007, Theorem 76]. See also Howitt and Warren [2009, Theorem 2.1] and
the discussion in Schertzer et al. [2017, Section 5], Schertzer et al. [2014, Appen-
dix A] as well as Schertzer and Sun [2018, Appendix A]. In fact, this would require
to check that for any weak limit point pB˜1, . . . , B˜mq of pπ1δn , . . . , πmδnq with δn Ñ 0,
the following holds: Let F “ pFtqtPR with Ft “ σppB˜ips^ tqqsěti , for i s.th. ti ď tq
be the joint filtration generated by B˜1, . . . , B˜m. Then 1. each B˜i is an F -Brownian
motion starting from space-time point yi “ pxi, tiq, and 2. each pair pB˜i, B˜jq, i ‰ j
is distributed as a pair of coalescing Brownian motions (w.r.t. the filtration F).
The fact that each B˜i individually is a Brownian motion follows immediately
from the central limit theorem proved in Birkner et al. [2013] together with Step 1
above and the fact that pB˜i, B˜jq are coalescing Brownian motions was checked in
Step 2, case m “ 2 above. However, in our set-up it appears quite cumbersome
to verify directly that these properties also hold with respect to the larger joint
filtration F . The natural way to such a result is to consider pπyδ,1 , . . . , πyδ,mq along
joint regeneration times (cf Remark 2.3). This yields a Markov chain on Zm, then
one would need a suitable m-coordinate analogue of Lemma 2.2 and therewith
implement a martingale plus remainder term decomposition of the coordinates of
this chain analogous to the construction in Birkner et al. [2013, Section 3.4] to
conclude. In our view, spelling out the details would be more laborious than the
approach discussed above. On the other hand, using (2.40) we can conclude that
properties 1. and 2. discussed above do hold.
2.3.3. Checking condition pT1q. Let A`t,upx0, t0q be the set of K P H which contain
a path touching both Rpx0, t0, u, tq and the right boundary of the bigger rectangle
Rpx0, t0, 20u, 2tq. Similarly we define A´t,upx0, t0q as the event that the path hits
the left boundary of the bigger rectangle. If a variable is diffusively scaled we will
add a “„” to it, where t˜ “ tδ´2 if t is a time variable and x˜ “ vxδ´1 if x is a
space-variable. In order to verify condition pT1q it is enough to show that for every
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0 2u˜ 3u˜ 4u˜ 7u˜ 8u˜ 9u˜ 12u˜ 13u˜ 14u˜ 15.5u˜ 17u˜ 18u˜ 19u˜
t˜
2t˜
Rpu˜, t˜q
τ
px,mq
4
τ
px,mq
3
τ
px,mq
2
τ
px,mq
1
pipx,mq
Figure 2.1. An illustration of (part of) the event Γ P A`
t˜,u˜
p0, 0q XŞ4i“1Bi
u P p0,8q
t´1 lim sup
δÑ0
µ1pA`t˜,u˜p0, 0qq ÝÑ 0 as tÑ 0`, (2.41)
where we omitted the sup over px0, t0q from condition pT1q because of the spa-
tial invariance of µ1 “ P ˝ pSv,1Γq´1. (2.41) implies pT1q since At,upx0, t0q “
A`t,upx0, t0q Y A´t,upx0, t0q and µ1pA´t˜,u˜p0, 0qq can be estimated completely analo-
gously (in fact, we even have µ1pA´t˜,u˜p0, 0qq “ µ1pA`t˜,u˜p0, 0qq by symmetry).
We will show that for every fixed u ą 0, lim supδÑ0 µ1pA`t˜,u˜p0, 0qq is in optq. Let
u ą 0 and define x1,δ :“ t3u˜u , x2,δ :“ t8u˜u , x3,δ :“ t13u˜u and x4,δ :“ t18u˜u with
u˜ “ vuδ´1. We are interested in the paths πxi,δ :“ πpxi,δ,0q, i “ 1, 2, 3, 4.
We denote by Bi the event that π
xi,δ stays within distance u˜ of xi,δ up to time
2t˜. For a fixed px,mq P Rpu˜, t˜q :“ Rp0, 0, u˜, t˜q denote the times when the random
walker πpx,mq first exceeds 5u˜, 10u˜, 15u˜ and 20u˜ by τ px,mq1 , τ
px,mq
2 , τ
px,mq
3 and
τ
px,mq
4 . Furthermore define τ
px,mq
0 “ 0 and τ px,mq5 “ 2t˜. Denote by Cipx,mq the
event that πpx,mq does not coalesce with πxi,δ before time 2t˜. We assume that t˜ P Z,
if not we replace t˜ by
P
t˜
T
. We estimate the probability in (2.41) in the following
way (see Figure 2.1):
µ1
´
A`
t˜,u˜
p0, 0q
¯
ď µ1
˜
4ď
i“1
Bci
¸
(˚)
` µ1
¨˝
4č
i“1
Bi X
ď
px,mqPRpu˜,t˜q
ˆ 4č
i“1
Cipx,mq X tτ px,mq4 ă 2t˜u
˙‚˛
(˚˚)
We estimate the terms p˚q and p˚˚q separately. We have
lim sup
δÑ0
µ1
˜
4ď
i“1
Bci
¸
ď 4 lim sup
δÑ0
µ1pBc1q
“ 4P
˜
sup
sPr0,ts
|Bs| ą u
¸
ď 16e´u
2
2t P optq as t Ó 0
where B is a standard Brownian motion.
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The second term p˚˚q can be estimated as follows
p˚˚q ď
ÿ
xPr´u˜,u˜sXZ
mPr0,t˜sXZ
µ1
˜
4č
i“1
Bi X
4č
i“1
Cipx,mq X tτ px,mq4 ă 2t˜u
¸
Now we change our point of view on the problem. From now on we come back
to the discrete structure and are only interested in the values of the random walk
path at simultaneous regeneration times T simj (of the five random walks), recall the
discussion in Section 2.1 and especially Remark 2.3.
Denote by θi the first simultaneous regeneration time when π
px,mqpnq´πxi,δ pnq ą
0. Furthermore let pBi the event that πxi,δ stays within distance u˜ of xi,δ at simul-
taneous regeneration times up to time 2t˜ and denote by pCipx,mq the event that
πpx,mq does not coincide with πxi,δ at simultaneous regeneration times before time
2t˜. In analogy to the previous notation let τˆ
px,mq
i be the first time that a simul-
taneous regeneration event occurs after the the random walk path πpx,mq exceeds
p5 ¨ iqu˜. Only considering the random walks at simultaneous regeneration times, we
can for every ε ą 0 estimate a single summand of the sum above by
µ1
˜
4č
i“1
Bi X
4č
i“1
Cipx,mq X tτ px,mq4 ă 2t˜u
¸
ď µ1
˜
4č
i“1
pBi X 4č
i“1
pCipx,mq X tτˆ px,mq4 ă p2` εqt˜u
¸
` P `no simultaneous regeneration between time 2t˜ and time p2` εqt˜˘
ď µ1
˜
4č
i“1
pBi X 4č
i“1
pCipx,mq X tτˆ px,mq4 ă p2` εqt˜u X tT simθ4 ´ T simθ4´1 ă C logp1δ qu
¸
` δ4 ` 2t˜Ce´cεt˜
by using exponential tail bounds for increments of T simℓ ´ T simℓ´1, see Remark 2.3.
Here we use that θ4 is a stopping time for the joint regeneration construction of the
five walks and that we can choose C so large that
P
`
T simθ4 ´ T simθ4´1 ě C logp1δ q
˘ ď δ4.
Furthermore, the probability that no simultaneous regeneration occurs between
time 2t˜ and time p2 ` εqt˜ is bounded from above by
r2t˜sÿ
ℓ“1
P
`
T simℓ ´ T simℓ´1 ą εt˜
˘ ď 2t˜Ce´cεt˜ “ 2tδ´2e´cεt{δ2 “ Optδ4q.
Now by the regeneration structure, the only information we gained about the
“future” after time T simθ4 of the cluster is that each of the five random walks is at
a space-time-point that is connected to infinity. Therefore, without changing the
joint distribution, the future of the cluster can be replaced by some identical copy in
which all the points the random walks sit in are connected to infinity. By a coupling
argument as in the proof of Lemma 3.4 in Birkner et al. [2013], the cluster to the
right of the middle line of the third red bar (at horizontal coordinate x “ 15.5u˜,
see Figure 2.1) can be replaced by an independent copy and the resulting law on
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configurations strictly to the right of this third red bar (i.e., x ą 16u˜) has total
variation distance at most 2t˜Ce´cu˜ to the original law. Thus
µ1
˜
4č
i“1
pBi X 4č
i“1
pCipx,mq X tτˆ px,mq4 ă p2 ` εqt˜u X tT simθ4 ´ T simθ4´1 ă C logp1δ qu
¸
ď µ1
˜
3č
i“1
pBi X 3č
i“1
pCipx,mq X tτˆ px,mq3 ă p2` εqt˜u
¸
ˆ sup
|y|ďC logp1{δq
P
joint
y
´ pD hits u˜ before 0¯ ` 2t˜Ce´cu˜.
We use here that the difference between πpx,mq and πx4,δ , running on an independent
copy of the percolation cluster (and observed along its regeneration times), behaves
like the Markov chain pD from Section 2.1 and the proof of Lemma 2.4. Remark 2.5
gives in particular
sup
|y|ďC logp1{δq
P
joint
y
´ pD hits u˜ before 0¯ ď cC logp1{δq
u˜
“ C 1δ logp1{δq
with C 1 “ C 1puq ă 8.
Combining the above and iterating we get
µ1
˜
4č
i“1
Bi X
4č
i“1
Cipx,mq X tτ px,mq4 ă 2t˜u
¸
ď `2C 1δ logp1{δq˘4 .
Using this, the term p˚˚q is bounded above by
µ1
˜
4č
i“1
Bi, Dpx,mq P Rpu˜, t˜q s.t.
4č
i“1
Cipx,mq and τ px,mq4 ă 2t˜
¸
ď
ÿ
xPr´u˜,u˜sXZ
ÿ
mPr0,t˜sXZ
`
2C 1δ logp1{δq˘4 ď `2C 1δ logp1{δq˘4 ¨ 2u˜t˜ ď Cpuqtδ plogp1{δqq4
This implies that condition (2.41) is satisfied.
2.3.4. Checking condition pB11q. We fix t ą β ą 0 and t0, a P R. We want to show
that for each ε1 ą 0 there exists ε ą 0 independent of t, t0 and a, such that
µδpηpt0, t; a´ ε, a` εq ą 1q “ µ1pηpt˜0, t˜; a˜´ ε˜, a˜` ε˜q ą 1q ă ε1,
for all δ ą 0 sufficiently small. First we assume that t˜0 “ n0 P Z. In this case only
paths that start from the interval ra˜ ´ ε˜, a˜ ` ε˜s X Z at time n0 are counted by η.
Therefore
µ1pηpn0, t˜; a˜´ ε˜, a˜` ε˜q ą 1q
ď
ÿ
tx,x`1uĂra˜´ε˜,a˜`ε˜sXZ
P
´
πpx,n0qpkq ‰ πpx`1,n0qpkq for all k P rn0, n0 ` tt˜us
¯
.
By Lemma 2.4 we get that
P
´
πpx,n0qpkq ‰ πpx`1,n0qpkq for all k P rn0, n0 ` tt˜us
¯
ď C?
t˜
for some large constant C and
µ1pηpn0, t˜; a˜´ ε˜, a˜` ε˜q ą 1q ď 2ε˜C?
t˜
ď 2vεC?
t
ď 2vεC?
β
,
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which is smaller than ε1 if ε ă ε1
?
β
2vC
.
If t˜0 P pn0, n0 ` 1q for some n0 P N, it is enough to show that µ1pηpt˜0, t˜; a˜´ 2ε˜, a˜`
2ε˜q ą 1q ă ε1, which is true by similar estimates as above.
2.3.5. Checking condition pE11q. In order to verify condition pE11q we need to prove
a statement similar to Lemma 6.2 in Newman et al. [2005] which is formulated in
Lemma 2.10 below. This can be done by adapting Lemma 2.7 in Newman et al.
[2005] to our case (see Lemma 2.9 below). The rest of the proof follows by more
general results, proved in Newman et al. [2005, Section 6]) and does not need
adaptation.
Lemma 2.9. Recall the collection of paths Γ from (1.9). For A Ă Z and m,n P
N, m ą n, we define
ΓA,nm :“ tπpx,nqpmq : x P A, px, nq P Cu.
If n “ 0 we simply write ΓAm :“ ΓA,0m . Then
pm :“ P
`
0 P ΓZm
˘ ď C?
m
,
for some constant C independent of time.
Proof : Pick M P N. Let BM :“ t0, 1, . . . ,M ´ 1u and in order to simplify notation
define
ΓAmpxq :“
#
1, if x P ΓAm
0, otherwise
for A Ă Z. Using the translation invariance of P we obtain
empBM q :“ Er|ΓZm XBM |s “ E
« ÿ
xPBM
ΓZmpxq
ff
“
ÿ
xPBM
E
“
ΓZmpxq
‰ “ pm ¨M.
Furthermore,
empBM q ď
ÿ
kPZ
Er|ΓBM`kMm XBM |s “
ÿ
kPZ
Er|ΓBMm X pBM ´ kMq|s “ Er|ΓBMm |s.
Now the difference M ´|ΓBMm | is larger than the number of nearest neighbour pairs
that coalesced before time m. Using the translation invariance of P again we get
that
ErM ´ |ΓBMm |s ě
M´2ÿ
x“0
Er1tπpx,0qptq“πpx`1,0qptq for some tPt1,2,...,muus
“ pM ´ 1qPrπp0,0qptq “ πp1,0qptq for some t P t1, 2, . . . ,mus
Lemma 2.4 gives
Er|ΓBMm |s ďM ´ pM ´ 1qPrπp0,0qptq “ πp1,0qptq for some t P t1, 2, . . . ,mus
ďM ´ pM ´ 1q
ˆ
1´ C?
m
˙
ă 1`M C?
m
and therefore
pm ă 1
M
` C?
m
.
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This yields the claim since M can be chosen arbitrarily large. 
Now we are ready to prove our analogon of Newman et al. [2005, Lemma 6.2].
Recall the notation X t
´
0 from (2.28).
Lemma 2.10. Let Zt0 be a subsequential limit of X
t
´
0
δ , where Xδ :“ Sv,δΓ and let
ε ą 0. The intersection of the paths in Zt0 with the line R ˆ tt0 ` εu is almost
surely locally finite.
Proof : Let Zt0 be the weak limit of a sequence pX t
´
0
δn
qn and let Zt0pt0 ` εq be the
intersection of all paths in Zt0 with the line t0 ` ε; define X t
´
0
δn
pt0 ` εq analogously.
Then Zt0 and X
t
´
0
δn
pt0 ` εq, n P N are random variables with values in pP , ρPq,
where P is the space of all compact subsets of pR2c , ρq, metrized with the induced
Hausdorff metric ρP .
Since for all a, b P R, a ă b the set tK P pP , ρPq : |K X pa, bq ˆ R| ě ku is an
open set in pP , ρPq, we get that
Er|Zt0pt0 ` εq X pa, bq ˆ R|s “
8ÿ
k“1
Pr|Zt0pt0 ` εq X pa, bq ˆ R| ě ks
ď
8ÿ
k“1
lim inf
nÝÑ8
Pr|X t
´
0
δn
pt0 ` εq X pa, bq ˆ R| ě ks
ď lim inf
nÝÑ8
Er|X t
´
0
δn
pt0 ` εq X pa, bq ˆ R|s ď Cpb´ aq?
ε
,
where we used the Portmanteau theorem in the second line. The last inequality
holds true by Lemma 2.9, since (recall the scaling notation x˜, etc. introduced before
(2.41))
Er|X t
´
0
δ pt0 ` εq X pa, bq ˆ R|s
ď E
»– ÿ
xPpa˜,b˜qXZ
ΓZ
t˜0`ε˜pxq
fifl ď ÿ
xPpa˜,b˜qXZ
ErΓZε˜ pxqs ď
Cpb˜ ´ a˜q?
ε˜
ď Cpb´ aq?
ε
.
Strictly speaking, since ε˜ “ εδ´2 need not be an integer time, we should estimate
|X t
´
0
δ pt0`εqXpa, bqˆR| ď
ř
xPpa˜,b˜qXZ
´
ΓZtε˜upxq ` ΓZrε˜spxq
¯
but this changes only the
constant. 
Using Lemma 2.10, Condition pE11q can then be proved using the strategy from
Newman et al. [2005], see Lemma 6.3 there.
3. Outlook
Our result can be seen as a convergence result for the space-time embeddings of
“all ancestral lines” in a discrete time contact process. More precisely, define the
contact process as follows: pηAn qněm starting at time m P Z from the set A as
ηAmpyq “ 1Apyq, y P Zd,
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and for n ě m
ηAn`1pxq “
#
1 if ωpx, n` 1q “ 1 and ηAn pyq “ 1 for some y P Zd with ‖x´ y‖ ď 1,
0 otherwise,
i.e., ηAn pyq “ 1 if and only if there is an open path from px,mq to py, nq for some
x P A.
By monotonicity, LpηZdn q Ñ ν as nÑ8, where the convergence is weak conver-
gence and ν PMpt0, 1uZdq is the upper invariant measure, cf Liggett [1999]. Note
that the percolation cluster is given as the time-reversal of the stationary process
η. More precisely process ξ :“ pξnqnPZ defined by ξnpxq “ η´npxq, i.e. ξnpxq “ 1 iff
´8 Ñω px,´nq (defined as Şměn  Zd ˆ t´mu Ñω px,´nq() describes the perco-
lation cluster in the sense that ξnpxq “ 1 if and only if x P C. See Birkner et al.
[2013] for more details. Hence, the coalescing walkers on the backbone of the cluster
correspond to space-time embeddings of all ancestral lines. One may then apply
our convergence result to investigate the behaviour of interfaces in the discrete time
contact process analogously to Newman et al. [2005, Theorem 7.6 and Remark 7.7].
For the continuous-time contact process, interfaces and their scaling limits were
analyzed in Mountford and Valesin [2016], Valesin [2010] (without explicitly using
a Brownian web limit).
As noted in Remark 1.2, Theorem 1.1 is an “annealed” limit theorem and it
would be interesting to prove an analogous “quenced” result. Since Lemma 2.4 is
a key ingredient in the proof, we this would require a quenched analogue of (2.11).
In this direction, we conjecture (based on simulations) that in d “ 1,
lim
nÑ8
?
nPωpT pz1,z2qmeet ą nq
exists for P-a.a. ω (and is a non-trivial function of ω).
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Appendix A. Proof that f from (2.17) is superharmonic for pΨjointdiff
Consider x ą 0, say.ÿ
yPZ
pΨjointdiff px, yq`fpyq ´ fpxq˘ ď ÿ
y:|y´x|ěx{3
pΨjointdiff px, yq`c|y| ` c|x|˘
`
ÿ
y:|y´x|ăx{3
pΨjointdiff px, yq`fpyq ´ fpxq˘ (A.1)
The first term on the right-hand side is bounded by C2e
´c2x for suitable c2, C2 P
p0,8q by (2.8), for the second term we use Taylor expansion to write it with some
ξx,y P px^ y, x_ yq asÿ
y:0ă|y´x|ăx{3
pΨjointdiff px, yq´py ´ xqf 1pxq ` 12py ´ xq2f2pξx,yq¯ (A.2)
Since |ξx,y ´ x| ă x{3 we have f2pξx,yq ď f2p4x{3q “ ´2e´4c1x{3 exp
`
2e´4c1x{3{c1
˘
and thus ÿ
y:0ă|y´x|ăx{3
pΨjointdiff px, yq12 py ´ xq2f2pξx,yq
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ď ´2e´4c1x{3 exp `2e´4c1x{3{c1˘ ÿ
y:0ă|y´x|ăx{3
pΨjointdiff px, yq12 py ´ xq2
ď ´ σ˜
2
2
e´4c1x{3 exp
`
2e´4c1x{3{c1
˘
(A.3)
(recall (2.16)).
Furthermore, by Lemma 2.2 and (2.8),ÿ
y:0ă|y´x|ăx{3
pΨjointdiff px, yqpy ´ xq
ď C3e´c3x `
ÿ
y:0ă|y´x|ěx{3
pΨjointdiff px, yq|y ´ x| ď C4e´c4x (A.4)
for suitable c3, C3, c4, C4 P p0,8q,
Combining, we see that the right-hand side of (A.1) is negative if we choose
x0 ą 0 so large and c1 ą 0 so small that (note f 1pxq “ exp
`
2e´c1x{c1
˘
)
C2e
´c2x ` exp `2e´c1x{c1˘C4e´c4x ´ σ˜2
2
e´4c1x{3 exp
`
2e´4c1x{3{c1
˘ ă 0 (A.5)
holds for all x ě x0.
